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Section 1

5. Introduction to Factorial Designs
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Subsection 1

5.1 Basic Definitions and Principles
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Factorial design

o Factorial designs deal with the experiments that involve the study of
two or more factors.

@ In factorial design, all possible combinations of the levels of the
factors are investigated in each complete replication.

> E.g. if there are a levels of factor A and b levels of factor B, each
replicate contains all ab treatment combinations.

@ The effect of a factor is defined to be the change in response
produced by a change in the level of the factor.

@ This is frequently called a main effect because it refers to the
primary factors of interest in the experiment.
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Example 5.1

@ For example, consider the simple experiment in Figure 5.1.

@ This is a two-factor factorial experiment with both design factors at
two levels. We have called these levels “low” and “high” and denoted

them “—" and “+,” respectively.
+ 52
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Factor A

m FIGURE 5.1 A two-factor
factorial experiment, with the
response (y) shown at the corners
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Example 5.1

@ The main effect of factor A in this two-level design can be thought of
as the difference between the average response at the low level of A
and the average response at the high level of A. Numerically, this is

40+52 20+30
2 2

A= 21

@ That is, increasing factor A from the low level to the high level causes
an average response increase of 21 units

@ Similarly, the main effect of B is

30452 20440
- == =

B 11

@ If the factors appear at more than two levels, the above procedure
must be modified because there are other ways to define the effect of
a factor. This point is discussed more completely later.
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Example 5.2

@ In some experiments, we may find that the difference in response
between the levels of one factor is not the same at all levels of the
other factors.

@ When this occurs, there is an interaction between the factors. For
example, consider the two-factor factorial experiment shown in Figure
5.2

N
(High)

Factor B

(Low)

50
| |

= +
(Low) (High)
Factor A

m FIGURE 5.2 A two-factor
factorial experiment with interaction
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Example 5.2

@ At the low level of factor B (or B—), the A effect is

A=50—-20=30

@ At the high level of factor B (or B+), the A effect is
A=12—-40=—-28

@ Because the effect of A depends on the level chosen for factor B, we
see that there is interaction between A and B.

@ The magnitude of the interaction effect is the average difference in
these two A effects, or AB = (—28 —30) / 2 = —29.

@ Clearly, the interaction is large in this experiment.

Md Rasel Biswas Chapter 5 9/112



Example 5.2

@ An interaction is the failure of one factor to produce the same effect
on the response at different levels of another factor.
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Illustrating interaction

@ These ideas may be illustrated graphically. Figure 5.3 plots the
response data in Figure 5.1 against factor A for both levels of factor
B.

» Note that the B— and B+ lines are approximately parallel, indicating
a lack of interaction between factors A and B.

@ Similarly, Figure 5.4 plots the response data in Figure 5.2. Here we

see that the B— and B+ lines are not parallel.
» This indicates an interaction between factors A and B.
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5 40 . 5 40
B B™ I3
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_ B
10 B 10
| 1 | |
- ¥ -
Factor A Factor A
m FIGURE 5.3 A factorial m FIGURE 5.4 A factorial
experiment without interaction experiment with interaction
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Illustrating interaction

@ There is another way to illustrate the concept of interaction. Suppose
that both of our design factors are quantitative (such as
temperature, pressure, time).

@ Then a regression model representation of the two-factor factorial
experiment could be written as

Yy = By + B1xy + Boxy + Brow Ty + €

» where y is the response and the variables x1 and x2 are defined on a
coded scale from —1 to +1 (the low and high levels of A and B).
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Illustrating interaction

@ The parameter estimates in this regression model turn out to be
related to the effect estimates.

@ For the experiment shown in Figure 5.1 we found the main effects of
A and Btobe A=21and B =11

@ The least square estimates of 5, and (3,are one-half the value of the
corresponding main effect (more on this later)
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Illustrating interaction
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(a) The response surface (b) The contour plot

FIGURE 5.5 Response surface and contour plot for the model § = 35.5 + 10.5x, + 5.5x,

i = 35.5 + 10.52, + 5.5z, + 0.52,25 = 35.5 + 10.5z, + 5.5z,
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Illustrating interaction

@ Now suppose that the interaction contribution to this experiment was
not negligible

o Figure 5.6 presents the response surface and contour plot for the
model

|\\||\\|\|\|v\|_

X2
T T T T T

(@) The response surface (b) The contour plot

m FIGURE 5.6 Response surface and contour plot for the model § = 35.5 + 10.5x, + 5.5x, + 8x,x,

@ Interaction is a form of curvature in the underlying response
surface model for the experiment
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Subsection 2

5.2 The advantage of factorials
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5.2 The advantage of factorials

@ Two factors both at two levels: A", A=, BT, B~
@ Two possible designs

= A—lB+1 = A—lB+1 A+1B—1
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Figure 1: A one-factor-at-a-time

Figure 2: A two-factor factorial
experiment

experiment
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5.2 The advantage of factorials
One-factor-at-a-time design

@ Because experimental error is present, it is desirable to take two
observations, say, at each treatment combination and estimate the
effects of the factors using average responses.

@ Thus, a total of six observations are required.

o Effects of factors A and B can be obtained, but interaction cannot be
calculated

Two-factor factorial design

@ Using just four observations, two estimates of the A effect can be
made. Similarly, two estimates of the B effect can be made.

@ These two estimates of each main effect could be averaged to
produce average main effects that are just as precise as those from
the single-factor experiment

@ Main effects of A and B and their interaction can be calculated
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5.2 The advantage of factorials

@ Factorial designs are more efficient than one-factor-at-a-time
experiments.

» For this example, the relative efficiency of the factorial design to the
one-factor-at-a-time experiment is (6/4) = 1.5.

» Generally, this relative efficiency will increase as the number of factors
increases.

@ A factorial design is necessary when interactions may be present to
avoid misleading conclusions.

@ Factorial designs allow the effects of a factor to be estimated at
several levels of the other factors, yielding conclusions that are valid
over a range of experimental conditions.
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Subsection 3

5.3 Two-Factor factorial design
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An Example
@ The simplest types of factorial designs involve only two factors or sets
of treatments.

o Factor A has a levels and factor B has b levels, so there will be in
total ab treatment combinations and each treatment combination is
replicated n times

Battery life experiment

An engineer is designing a battery for use in a device that will be subjected
to some extreme variations in temperature. The only design parameter
that he can select at this point is the plate material for the battery, and he
has three possible choices. When the device is manufactured and is
shipped to the field, the engineer has no control over the temperature
extremes that the device will encounter, and he knows from experience
that temperature will probably affect the effective battery life. However,
temperature can be controlled in the product development laboratory for
the purposes of a test.

v
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An Example

@ The engineer decides to test all three plate materials at three
temperature levels - 15, 70, and 125°F - because these temperature
levels are consistent with the product end-use environment.

@ Four batteries are tested at each combination of plate material and
temperature, and all 36 tests are run in random order.

@ The experiment and the resulting observed battery design experiment
are given below
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An Example

m TABLE 5.1

Life (in hours) Data for the Battery Design Example

Temperature (°F)

Material

Type 15 70 125
1 130 155 34 40 20 70
74 180 80 75 82 58
2 150 188 136 122 25 70
159 126 106 115 58 45
3 138 110 174 120 96 104
168 160 150 139 82 60

A — Material type; B — Temperature (a quantitative variable)

Important questions:

@ What effects do material type and temperature have on the life of

the battery?

@ Is there a choice of material that would give uniformly long life
regardless of temperature?

Md Rasel Biswas

Chapter 5
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General notations

® y,;i, denotes the observed response when factor A is at the ith level
(i=1,2,...,a) and factor B is at the ;™" level (j =1,2,...,b) for
the k™ replicate (k =1,2,...,n).

@ The order in which the abn observations are taken is selected at
random so that this design is a completely randomized design.

@ Data layout

B
1 2 b
1] yvir..... Yiin | Y121, .. Yion | ©00 | Vib1. ..o Y1bn
2| yo11, -5 Yo1n | Y221, -+ Yoon | v | Yebls -, Y2bn
A
a | Yall,.... Yaln | Ya21..... Ya2n | * | Yabls:. s Yabn
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Modelling data

@ The observations in a factorial experiment can be described by a
model. There are several ways to write the model for a factorial
experiment.

@ The means model

1=1,...,a
Yijk = Mij T €ijk Jj=1,..,b
k=1,...,n

where ;. is the mean corresponding to the treatment combination ith

level of factor A and ;™ level of factor B, and €5k is the random
error term.

@ The treatment model (or effects model)
Yije = 1+ 7+ B+ (78)i; + € (1)

where 1 is the overall mean, 7; is the effect of the it" level of factor
A, B; is the effect of the j* level of factor B, (73),; is the
interaction between 7, and (..
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Modelling data

@ We could also use a regression model as in Section 5.1 (particularly
useful when one or more of the factors in the experiment are
quantitative).

@ Throughout most of this chapter we will use the effects model
(Equation 1) with an illustration of the regression model in Section
5.5.
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Modelling data

@ In the two-factor factorial, both row and column factors (or
treatments), A and B, are of equal interest.

@ Specifically, we are interested in testing hypotheses about the equality
of row treatment effects, say

Hy:my=19=-=1,=0
H, : at least one 7; # 0

@ and the equality of column treatment effects, say

HOﬁlz/BQZZBbZO
H, : at least one 8, # 0

@ We are also interested in determining whether row and column
treatments interact:

H : at least one (7f3);; # 0
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Subsection 4

Statistical analysis of the fixed effects model
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Notations
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Decomposing total variation

Total corrected sum of squares can be expressed as

SSr = (Wip— 9.0 =854+ SS5+ SS4p+ SSp,

i7j7k

where

i J
SSAB_nZ<g7,] gz _g] +g )2
?:7.7
SSE‘ = Z(yijk yz])
i’j7k

@ Equation 2 is the fundamental ANOVA equation for the two-factor

factorial
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Decomposing total variation

The number of degrees of freedom associated with each sum of squares

Effect Degrees of freedom

A a—1

B b—1
AB (a—1)(b—1)
Error ab(n —1)
Total abn —1

@ Each sum of squares divided by its degrees of freedom is a mean

square, e.g.
SS,

a—1

MSA:
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Expected value of the mean squares

bn Y 7
EMS,) = E S5 ) g2 g
A a—1 a—1
b
anzﬂj
_ SSs N =1
EMSg) = E(b—1>_ + P

i=1 j=1

i Ta-ne-1

EMSw) = E((a— De-1) "

a b
n Y > @B
) -
(a

_ SSx _
EMSy) = E <7ab(n = 1)> =g?

@ Under the null hypotheses of no treatment effects and no interaction,
the MS,, MSp, MS 45, MSg all estimate 0. If there is significant
treatment effect then corresponding mean squares will be larger than
MSg
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Cochran’s theorem

Cochran’s theorem

Let Z, be NID(0,1) fori=1,2,...,v and
Y Z=Qi+Q++Q,
i=1

where s < v, and @, has v, degrees of freedom (i = 1,2,...,s). Then
Q,Qs, ..., Q, are independent chi-square random variables with
Uy, Uy, ..., Uy degrees of freedom, respectively, if and only if

V=V +Vy+ -+ VU
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Distributions of sum of squares

For the observed response y, 4., i =1,...,a, j=1,...,b,and k =1,...,n,
we can decompose the total sum of squares as

(abn —1) a—1 b—1 (a—1)(b—1) ab(n—1)

If SS4, SSg, SS4p5, and SSE are independent, then using Cochran's
theorem we can write

SS9~ Xfacry S8~ Xh1y SSaB ~ X{an)jo-1)r 99E ~ Xlabn-1))

since

m—1)=(@—-1)+0b-1)+(a—1)(b—1)+ab(n—1)
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Distributions of sum of squares

@ Since SS, ~ X(2a71) and SSg ~ X(zb—l)' and S5, and SSg are
independent, then

F . SSA/((I—]_) _MSA

A7 88, /(ab(n—1))  MSy

~ Fy 1 abn-1) under H

@ Similarly,

_ SSp/(b-1) _ MS,
= SSy/(ab(n—1))  MSy Fy 1 abtn—1) under H

SSup/la—1)(b—1) MS,p
Fan = =gg, Jlabln—1)) ~ MS, ~ Flanp-nasno under
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Analysis of variance table

m TABLE 5.3

The Analysis of Variance Table for the Two-Factor Factorial, Fixed Effects Model

Source of Sum of Degrees of
Variation Squares Freedom Mean Square F,
A treatment: ss, 1 Ms, = 4 Fy = M54
reatments A a— W= o 0= s,
B treatment SS b-1 MS 555 = M5,
reatments s e "= s,
. S8, MS,5
Interaction SS45 (a-1kB-1) MS,; = @-Do6-D F,= S,
Ej ss, b(n — 1) M, = 5
rror e ab(n — 5= 1)
Total S8, abn —1
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Analysis of variance table

Manual computing formulas for sum of squares

SST—ZZZ Yigk — ZZZM
SSy=bn Z@z - y.., bn Z Yi.. abn

Md Rasel Biswas Chapter 5
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Analysis of variance table
Manual computing formulas for sum of squares

SSAB:nZZ yzg y] +y )
:nzz i — §.)2 — 884 — SSp (how?)

=SS subtotals SSA_SSB7

where

_ _ 1
SSsubtotaIs:nE :5 <yzg_y)2zﬁ E E y?]—_
(2N i
Then

or
SS, =SS, — SS

subtotals
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Subsection 5

The battery design experiment
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The battery design experiment

o Let y,;, denote the observed lifetime of the battery corresponding to
the k™" replication of the treatment combination i*" material type
(treatment A) and j*" temperature (treatment B)

(i=1,23 =123 k=1,..,4).

@ Consider the effects model
Yije = 1+ 7+ B+ (78)i; + €1k

where 1 is the overall mean, 7; and j3; are the effects of the ith level
of factor A and j* level of factor B, (7f3),; is the interction between
the i™" level of factor A and j" level of factor B.

@ Random error term ¢, ;;, is assumed to be normally distributed with

mean 0 and a constant variance o2.
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The battery design experiment

m TABLE 5.4
Life Data (in hours) for the Battery Design Experiment

Temperature (°F)

Material Type 15 70 125 Yi.
130 155 34 40 20 70
1 74 180 80 75 82 58 998
150 188 136 122 25 70
2 159 126 106 115 58 45 1300
138 110 174 120 96 104
3 168 160 150 139 82 60 1501
v, 1738 1291 770 3799 =y
2
_ s W
S5r=2_2. 2 Y g
1 J J
3799)2
(13012 + -+ (60)2 — BT _ 77646.97

Md Rasel Biswas

Chapter 5
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The battery design experiment

SSA_ Z Q_E

1 2

= G (999 + (1300)2 + (1501)2} — % _ 10683.72
1 2 y?,
555 = n ; Yj abn

2
- @{(1?38)2 + 12012 + (7702 — 8 _ 911572
SSSubtotaIs = Z Z yz] abn
2
= Z{(539>2 + o+ (342)2} — % = 49515373
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The battery design experiment

S8, = T7,646.97
55, = 10,683.72
S8 = 39118.72

SSAB = Sssubtotals - SSA - SSB
= 49515373 — 10683.72 — 39118.72
—9,613.78

= 77646.97 — 10683.72 — 39118.72 — 9613.78
— 18, 230.78
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The battery design experiment

The battery design experiment (anova table)

m TABLE 5.5

Analysis of Variance for Battery Life Data

Source of Sum of Degrees of Mean

Variation Squares Freedom Square F, P-Value
Material types 10,683.72 2 5,341.86 791 0.0020
Temperature 39,118.72 2 19,559.36 28.97 < 0.0001
Interaction 9,613.78 4 2,403.44 3.56 0.0186
Error 18,230.75 27 675.21

Total 77,646.97 35

@ There is a significant interaction between material type and
temperature
@ Main effects of material type and temperature are also significant
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The battery design experiment
The battery design experiment (interpreting results)

© The significant interaction is indicated by
) the lack of parallelism of the lines
e @ In general, longer life is attained at the low
: S temperature, regardless of material type.
= © Changing from low to intermediate
T W —w temperature, battery life with material type
3 increases, whereas it decreases for types 1
and 2.

© From intermediate to high temperature,
battery life decreases for material types 2
and 3, and is essentially unchanged for type
1.

© Material type 3 seems to give the best
result if we want less loss of effective life as
the temperature changes.

v
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The battery design experiment

The battery design experiment (multiple comparisons)

One of the goals of the experiment is to identify the best treatment
combination. In two-factor factorial experiment, significance of interaction
plays an important role in selecting the best treatment combination.
@ When interaction is not significant, multiple comparison methods
can be used to identify the best level for each factor separately.
@ When interaction is significant, the best level of one factor need to
be identified at each level of the other factor. e.g. comparisons

between the means of factor A can be obtained for a specific level of
factor B applying Tukey's test.
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The battery design experiment

@ Suppose we are interested in detecting differences among the means
of the three material types.

@ Because interaction is significant, we make this comparison at just
one level of temperature, say level 2 (70°F)

@ The three material type averages at 70°F arranged in ascending order

are
U1 = 57.25  ( material type 1)

Yoo = 119.75 ( material type 2)
Yo = 145.75 ( material type 3)
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The battery design experiment

MS
Toos = Goos(3. 27) TE

675.21
1

= 3.50

= 45.47

where we obtained gggs(3, 27) = 3.50 by interpolation in Appendix Table VII. The pairwise
comparisons yield

3vs. 11 145.75 — 57.25 = 88.50 > T,q5 = 45.47
3vs. 20 14575 — 119.75 = 26.00 < T,q5 = 45.47
2vs.1: 11975 = 57.25 = 62.50 > Tyg5 = 45.47

This analysis indicates that at the temperature level 70°F, the mean battery life is the same for
material types 2 and 3, and that the mean battery life for material type 1 is significantly lower
in comparison to both types 2 and 3.
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Model adequacy checking

@ Before making the conclusions from the analysis of variance, the
adequacy of the underlying model should be checked using residual
analysis (e.g. checking normality, independence, constant variance,

etc.).
@ The residuals for the two-factor factorial model
€iik = Yijk — Yijk

= Yijk — Yij.

o Different tools of residual analysis:

» g-q normal plot of residuals
» Plot of residuals against fitted values
» Plot of residuals against different factors separately

Md Rasel Biswas Chapter 5 49 /112



Model adequacy checking

m TABLE 5.6

Residuals for Example 5.1

Temperature (°F)

Material

Type 15 70 125
1 —4.75 20.25 —23.25 —17.25 37.50 12.50
—60.75 45.25 22.75 17.75 24.50 0.50
2 —5.75 32.25 16.25 2.25 24.50 20.50
3.25 —29.75 13.75 —4.75 8.50 —4.50
3 —6.00 —34.00 28.25 —25.75 0.50 8.50
24.00 16.00 4.25 —6.75 3.50 —25.50
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Sample quantiles
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residuals

50-

25-
[ J ‘ °
C °
[}
° [ ]
0- o °
° L °
[
[
-25- ® @ °
[ ]
-50-
1 1 1 1
50 75 100 125
fitted
Md Rasel Biswas Chapter 5

°
°
°
® °
o °
°
°
°
1
150

52/112



Model adequacy checking
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Subsection 6

Estimating model parameters
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Estimating model parameters

The effects model for two-factor factorial is

Yije = 1+ 7+ B+ (T8) 55 + €k (3)

where p, 7;, 5., and (T/B)Z-j are parameters of interest, and random error
term is assumed to be normally distributed, i.e.

€ijk ™ N(0,0%) = Yijke ™~ N(Mz’jaa2>

@ They may be estimated by least squares. Because the model has
1+ a+ b+ ab parameters to be estimated, and there 1 +a + b + ab
normal equations.
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Estimating model parameters

Using the method of Section 3.9, we find that it is not difficult to show

that the normal equations are

ﬂ:abnﬁ+bn2r +an2ﬂ +n22(rﬂ),]—y

i=1 j=1

z:bnji + bn, +n2ﬂj+n2(rﬁ)y—yl

j=1

Md Rasel Biswas

Chapter 5

(5.14a)

(5.14b)

(5.14¢)
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Estimating model parameters

@ The effects model (Equation 3) is an overparameterized model.

@ Notice that the a equations in Equation 5.14b sum to Equation 5.14a
and that the b equations of Equation 5.14c sum to Equation 5.14a.

@ Also summing Equation 5.14d over j for a particular ¢ will give
Equation 5.14b, and summing Equation 5.14d over ¢ for a particular j
will give Equation 5.14c.

@ Therefore, there are a + b + 1 linear dependencies in this system of
equations, and no unique solution will exist.

@ In order to obtain a solution, we impose the constraints
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Estimating model parameters

.. b

b
Y @By =0 i=12....a
j=1

(5.15a)

(5.15b)

(5.15¢)

(5.15d)

Equations 5.15a and 5.15b constitute two constraints, whereas Equations
5.15c and 5.15d form a 4+ b — 1 independent constraints. Therefore, we

have a + b + 1 total constraints, the number needed.

Md Rasel Biswas
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Estimating model parameters

Applying these constraints, the normal equations (Equations 5.14) simplify
considerably, and we obtain the solution

a=y
%i=§l _y 1_1727- ,a
ﬂAj=5.j._§... ji=L2,...,b
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The MLE
The log-likelihood function

2
00) = Z Z Z { - logza - %(yijk - /'Lij)2 + constant},
i j ok

where 0 = {u, 7;, B;, (78);;} is the vector of parameters of order
14+ a4+ b+ ab.

@ Here ~
Oy = argmaz 1(6)
0, sp = argmin SSE = argmaz 1(6)

@ Therefore, the solutions obtained (through LSE) are also MLE.

Md Rasel Biswas Chapter 5
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Subsection 7

Choice of sample size
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Choice of sample size

@ In any experimental design problem, a critical decision is the choice of
sample size — that is, determining the number of replicates to run.

@ Generally, if the experimenter is interested in detecting small effects,
more replicates are required than if the experimenter is interested in
detecting large effects.
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OC (Operating Characteristic) curve

@ An operating characteristic (OC) curve is a plot of the type Il error
probability () of a statistical test for a particular sample size versus a
parameter ® that reflects the extent to which the null hypothesis is
false.

@ These curves can be used to guide the experimenter in selecting the
number of replicates so that the design will be sensitive to important
potential differences in the treatments.

@ The operating characteristic curves in Appendix Chart V
(Montgomery book) can be used to assist the experimenter in
determining an appropriate sample size (number of replicates, n) for a
two-factor factorial design.

@ Curves are available for « = 0.05 and o = 0.01 and a range of
degrees of freedom for numerator and denominator.
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OC (Operating Characteristic) curve
V  Operating Characteristic Curves for the Fixed Effects Model Analysis of Variance®
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OC curve for two-factor factorial design

OC Curve parameters for chart V of the Appendix for the two-factor
factorial, fixed effects model

Factor o2 Numerator DF Denominator DF
n> o 12
A % a—1 ab(n —1)
an . 2
B o2y B b—1 ab(n —1)

bo2
"ijl 23:1(7—5)7?j
AB  migtrog (e— D0 —1) ab(n —1)

@ For two-factor factorial design, the appropriate value of the parameter
® and the numerator and denominator degrees of freedom are shown

in the table.
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OC curve for two-factor factorial design

@ To determine ®, we need to know the actual values of the treatment
means on which the sample size decision should be based. If we know
that, we can use the formulas of the table and proceed as the
one-factor design. But a set of actual treatment means is not
available most of the time.

@ An alternate approach is to select a sample size such that if the
difference between any two treatment means exceeds a specified
value, the null hypothesis should be rejected.
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OC

curve for two-factor factorial design

For example, if the difference in any two row (Factor A) means is D,
then the minimum value of ®2 is

_ nbD?

P2 =
2a072

If the difference in any two column (Factor B) means is D, then the
minimum value of ®2 is

5 naD?
 2bo?

Finally, the minimum value of ®2 corresponding to a difference of D
between any two interaction effects is

9 nD?
* = 202[(a—1)(b—1) + 1]
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OC curve..(Battery design experiment)

@ To illustrate the use of these equations, consider the battery design
experiment.

@ Suppose that before running the experiment we decide that the null
hypothesis should be rejected with a high probability if the difference
in mean battery life between any two temperatures is as great as 40
hours.

@ Thus a difference of D = 40 has engineering significance, and if we
assume that the standard deviation of battery life is approximately 25
, then the corresponding equation gives

naD?

2002

_ n(3)(40)®
2(3)(25)?

= 1.28n

P? =

as the minimum value of ®.
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OC curve..(Battery design experiment)

Assuming that o = 0.05, we can now use Appendix Table V to construct
the following display:

vy = Numerator vy = Error
n ®2 ®  Degrees of Freedom Degrees of Freedom j3
2 2.56 1.60 2 9 0.45
3 3.84 1.96 2 18 0.18
4 512 2.26 2 27 0.06
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OC curve..(Battery design experiment)

@ Note that n = 4 replicates give a 3 risk of about 0.06, or
approximately a 94 percent chance of rejecting the null hypothesis if
the difference in mean battery life at any two temperature levels is as
large as 40 hours.

@ Thus, we conclude that four replicates are enough to provide the
desired sensitivity as long as our estimate of the standard deviation of
battery life is not seriously in error.

@ If in doubt, the experimenter could repeat the above procedure with
other values of o to determine the effect of mis-estimating this
parameter on the sensitivity of the design.
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Subsection 8

Assumption of no interaction in a two-factor model
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Assumption of no interaction in a two-factor model

Occasionally, an experimenter feels that a two-factor model without
interaction is appropriate, say

1=1,2,...,a
Yigg =B+ T+ B+ e T=1,2,...,0
k=1,2,....,n

The statistical analysis of a two-factor factorial model without interaction
is straightforward. The following table presents the analysis of the battery
design experiment, assuming no interaction.

Source of Sum Degrees Mean
Variation of Squares of Freedom Square E,
Material types 10,683.72 2 5,341.86 5.95
Temperature  39,118.72 2 19,559.36 21.78
Error 27,844.52 31 898.21

Total 77,646.96 35
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Assumption of no interaction in a two-factor model

As noted previously, both main effects are significant. However, as soon as
a residual analysis is performed for these data, it becomes clear that the
no-interaction model is inadequate.

® .
For the two-factor model without interact\'on., the fitted values are
Yijk = Yi. @ Y;. — Y. A piot of fitted versus residugls is shown below.
30 o ®

°
o °
8 N\ . TNy
3 0 L g L ¢ °
B ° °
g \/ o
° H °
°
30 e ¢
° o .
°
°
40 80 120 160
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Subsection 9

One observation per cell
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One observation per cell

Occasionally, one encounters a two-factor experiment with only a single
replicate, that is, only one observation per cell. If there are two factors and
only one observation per cell, the effects model is

i=1,2,....a
Yij = B+ 7+ B+ (78)i; + € {jzl 9 b

The analysis of variance for this situation is shown in Table 5.9, assuming
that both factors are fixed.
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One observation per cell

m TABLE 5.9

Analysis of Variance for a Two-Factor Model, One Observation per Cell

Source of Sum of Degrees of Mean Expected
Variation Squares Freedom Square Mean Square
2 2 2
SERA b E Ti
= - +
Rows (A) ; > " b a—1 MS, o’ P
2 2
by ¥ a) B
Columns (B) ;‘1 =% b—1 MS, o e
Residual or AB Subtracti nE -1 MS, o+ 22 B
esidual or ubtraction (a )( ) Residual @-Db -1
a b y2
Total EEy,?j——'l; ab — 1
i=1j=1 a
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One observation per cell

From examining the expected mean squares, we see that the error variance
o? is not estimable; that is, the two-factor interaction effect (7/3),; and
the experimental error cannot be separated in any obvious manner.
Consequently, there are no tests on main effects unless the interaction
effect is zero. If there is no interaction present, then (743),; = 0 for all i

and j, and a plausible model is

i=1,2,..,a
Vg =HETiEBite Vi o 1 b

) )

If this later model is appropriate, then the residual mean square in Table
5.9 is an unbiased estimator of 0, and the main effects may be tested by
comparing M S 4 and M Sp to M Sgegiqual -
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Subsection 10

5.4 The general factorial design
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General factorial design

The two-factor factorial design may be extended to the general case where

there are a levels of factor A, b levels of factor B, c levels of factor C, and
so on.

In general, there will be abc ... n total observations if there are n replicates
of the complete experiment.

Note that we must have at least two replicates (n > 2) to determine a sum
of squares due to error if all possible interactions are included in the model.
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General factorial design

For example, consider the three-factor analysis of variance model:
Yijg = 1+ 7+ B+ v+ (78)55 + (77) i + (BY) jie + (TBY) ik + €3

1

[\

)

3@_)“@“@

9

1
L,
1

N??.Q .
[T
[\9[\3

\'[\')
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General factorial design
Assuming A, B, and C' are fixed, the ANOVA table is

= TABLE 5.12
The Analysis of Variance Table for the Three-Factor Fixed Effects Model

Source of Sum of Mean
Variation Squares Degrees of Freedom Square Expected Mean Square F,
A 55, 1 MS P Fo = L
A a A a—1 0= WS,
,  acn 3B MS,
B 585 b—1 MSy U’+ﬁ FO_FS_;
. abnd vt MS-
Cc 5S¢ c—1 MS; +—== Fy = "
L X X B MS,;
AB SSun (a— -1 MSyp R e T Fo =5
) , . XXy _ MSyc
AC S8, (a—Dic—1) MS, e 1 Fo= s,
. an X By MSye
BC S5, (b—1c—1) MSy, F BoDe=5 b= Irs,
n3 Y By MSync
ABC SSapc (@a—Dib=1ic=1) MS, e e e Fo =
Error SSp abe(n — 1) MS; o’
Total S5; aben — 1
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General factorial design

2
534 = ﬁ ;} O a‘l;cn
2
0= Gon 2%~ g
2
3¢ = ﬁ ,;1 Yk a}b;;n
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General factorial design

SSap = _ Vi, — n — 8§84 — S8p

SSic = X X ah = = =88, =SS,

RS V...
SSape = 7 2 2 2 Vi — S5, — SSp — SS¢ — SSup — SSac — SSpc

= SSSublotals(ABC) o SSA o SSB o SSC o SSAE o SSAC o SSBC

SSp = S8t — SSsubtotalsianc)
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Soft drink bottling problem

A soft drink bottler is interested in obtaining more uniform fill heights in
the bottles produced by his manufacturing process. The filling machine
theoretically fills each bottle to the correct target height, but in practice,
there is variation around this target, and the bottler would like to
understand the sources of this variability better and eventually reduce it.

The process engineer can control three variables during the filling process:
the percent carbonation (A), the operating pressure in the filler (B), and
the bottles produced per minute or the line speed (C). For purposes of an
experiment, the engineer can control carbonation at three levels: 10, 12,
and 14 percent. She chooses two levels for pressure (25 and 30 psi) and
two levels for line speed (200 and 250 bpm)
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Soft drink bottling problem

The engineer decides to run two replicates of a factorial design in these
three factors, with all 24 runs taken in random order. The response
variable observed is the average deviation from the target fill height
observed in a production run of bottles at each set of conditions. Positive
deviations are fill heights above the target, whereas negative deviations are
fill heights below the target. The circled numbers are the three-way cell
totals v, .-
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Soft drink bottling problem

= TABLE 5.13
Fill Height Deviation Data for Example 5.3

Operating Pressure (B)

25 psi 30 psi
Line Speed (C) Line Speed (C)
Percent
Carbonation (4) 200 250 200 250 Vi
= e Lo 0
10 =1 0 0 1 —4
0 2 2 6
" @ . @ ; © s @
5 7 7 10
14 4 @ 6 @ 9 11 @ 59
B x C Totals y . 6 15 20 34 5=y
Vi 21 54
A X B Totals A X C Totals
Yy Yik.
B C
A 25 30 A 200 250
10 =5 1 10 =5 1
12 4 16 12 6 14
14 22 37 14 25 34
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Soft drink bottling problem

SSCa.rbonation =

Md Rasel Biswas

SS,

571 — asy = 336.625
24

14, N
bcn,-g{)' aben
(=82 + (202 + (597
(75"
— o, = 252.750
1 &, Y

B ﬁ};)‘f” abcn
T . (75
15 L2 + (547 = 7

Chapter 5

= 45.375
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Soft drink bottling problem

2

D BN Y.
Sspeea = abn Z abcn
_ 1 2 2 _ (75)* _
l a b 92
SSn = @ 2 2V~ Ghen ~ 55— S5
= %[(—5)2 + (1) + 4)? + (16)* + (22)> + (37)}]
asy 252.750 — 45.375
24

= 5.250
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Soft drink bottling problem

2

l a [N ‘/ .
SS,c = E;, Z [ = 85y = SSe
= %[( 5 4+ (1) + (6)* + (14)* + (25)* + (34)7]
asy 252.750 — 22.042
24 i i
= 0.583

2

_ L b C ‘2 . } _ _
SSpc = an};;}.ﬁu aben 585 — SS¢

75)°
= é[(6)2 + (15)* + (20)* + (34)*] — u

24
—45.375 — 22.042
= 1.042
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Soft drink bottling problem
2
SSapc = —2}212 Vi — m — 88, — 585 — SS¢

- SSAB - SSAC - SSBC

= %[(—4)2+(—1)2+(—1)2+---+(16)2+(21)2]

(75)?
57 T 252.750 — 45.375 — 22.042
— 5.250 — 0.583 — 1.042
= 1.083
l a b )12
S8subtotalsaBe) = n 2 E 2 ben = 328.125

i=1 j=1 k=1

SSg = 88; — SSSubtotals(ABC)
= 336.625 — 328.125
= 8.500
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Soft drink bottling problem

s TABLE 5.14
Analysis of Variance for Example 5.3

Sum of Degrees of Mean
Source of Variation Squares Freedom Square F, P-Value
Percentage of carbonation (A) 252.750 2 126.375 178.412 <0.0001
Operating pressure (B) 45.375 1 45.375 64.059 <0.0001
Line speed (C) 22.042 1 22.042 31.118 0.0001
AB 5.250 2 2.625 3.706 0.0558
AC 0.583 2 0.292 0.412 0.6713
BC 1.042 1 1.042 1.471 0.2485
ABC 1.083 2 0.542 0.765 0.4867
Error 8.500 12 0.708
Total 336.625 23
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Soft drink bottling problem

From the ANOVA we see that the percentage of carbonation, operating
pressure, and line speed significantly affect the fill volume.

The carbonation pressure interaction F' ratio has a p-value of 0.0558,
indicating some interaction between these factors.

To assist in the practical interpretation of this experiment, the following
figure presents plots of the three main effects and the AB (carbonation—
pressure) interaction.
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Soft drink bottling problem

Average fill deviation

Percent carbonation (4)
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Soft drink bottling problem
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Soft drink bottling problem

The main effect plots are just graphs of the marginal response averages at
the levels of the three factors. Notice that all three variables have positive

main effects; that is, increasing the variable moves the average deviation
from the fill target upward.

The interaction between carbonation and pressure is fairly small, as shown
by the similar shape of the two curves.

Md Rasel Biswas Chapter 5 95 /112



Subsection 11

5.5 Fitting Response Curves and Surfaces
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5.5 Fitting Response Curves and Surfaces

The ANOVA always treats all of the factors in the experiment as if they
were qualitative or categorical. Many experiments involve at least one
quantitative factor. It can be useful to fit a response curve to the levels
of a quantitative factor so that the experimenter has an equation that
relates the response to the factor

This equation might be used for interpolation, that is, for predicting the
response at factor levels between those actually used in the experiment.
When at least two factors are quantitative, we can fit a response surface
for predicting y at various combinations of the design factors. In general,
linear regression methods are used to fit these models to the
experimental data
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The battery design experiment

Consider the battery life experiment described previously. The factor
temperature is quantitative, and the material type is qualitative.

Furthermore, there are three levels of temperature.

Consequently, we can compute a linear and a quadratic temperature effect
to study how temperature affects the battery life.

Because material type is a qualitative factor there is an equation for
predicted life as a function of temperature for each material type.
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The battery design experiment

Final Equation in Terms of Actual Factors:
Material Type 1
Life =
+169.38017
—2.48860 *Temp
+0.012851  *Temp®

Material Type 2
Life =
+159.62397
—0.17901 *Temp
+0.41627 *Temp?

Material Type 3
Life =
+132.76240
+0.89264 *Temp
—0.43218  *Temp®
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The battery design experiment

Figure 5.18 shows the response curves generated by these three prediction

equations.
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Subsection 12

5.6 Blocking in a facorial design
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5.6 Blocking in a facorial design

1=1,2,...,a
Yiji = b+ T+ B+ (18)4; + 0p, + €353 J=12,..

where d,, is the effect of the k th block. Of course, within a block the order
in which the treatment combinations are run is completely randomized.
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5.6 Blocking in a facorial design

m TABLE 5.20

Analysis of Variance for a Two-Factor Factorial in a Randomized Complete Block

Source of Degrees of Expected
Variation Sum of Squares Freedom Mean Square F,
. 152 i _ 2 2
Blocks P ; Yok T obm n—1 o + aboj
2 2
1 , 7 L, b YT MS,
—_— geo— 2 — + -
A bn 2""( abn a=l 7 a— | MSg
2 any, B} MS
B n E "’5 _ e b—1 ol 4= B
an £+ abn b—1 MSy
I D o L, nX 2B MS,,
AB n Z;'\E"' abn 884 = S5, (@—De—D 7 (a— )b —1) MSy
Error Subtraction (ab — 1)n—1) o
, W% B
Total 2 ; ; Yit ™ b abn — 1
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Example 5.6

An engineer is studying methods for improving the ability to detect targets
on a radar scope. Two factors she considers to be important are the
amount of background noise, or ground clutter, on the scope and the
type of filter placed over the screen. An experiment is designed using 3
levels of ground clutter and 2 filter types.

Because of operator availability, it is convenient to select an operator and
keep him or her at the scope until all the necessary runs have been made.
Furthermore, operators differ in their skill and ability to use the scope.
Consequently, it seems logical to use the operators as blocks.

Four operators are randomly selected. Once an operator is chosen, the
order in which the six treatment combinations are run is randomly
determined.
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Example 5.6

Thus, we have a 3 x 2 factorial experiment run in a randomized complete
block. The data are shown below

m TABLE 5.21

Intensity Level at Target Detection

Operators (blocks)

1

Filter Tvpe 1 2 1 2 1 2 1 2
Ground clutter
Low 90 86 96 84 100 92 92 |
Medium 102 87 106 90 105 97 96 80
High 114 93 112 91 108 95 98 83
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Example 5.6

The linear model for this experiment is

i
Vg =+ 7+ B+ (18); + 8 + € J=
k

where 7; represents the ground clutter effect, 3; represents
the filter type effect, (78);; is the interaction, 6, is the block
effect, and Eijic is the NID(O, 0'2) error component. The
sums of squares for ground clutter, filter type, and their
interaction are computed in the usual manner. The sum of
squares due to blocks is found from the operator totals
{v ) as follows:
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Example 5.6

SSBlocks = Lbz
— 2 2 2 2
= —(3)(2) [(572)* + (579)* + (597)* + (530)7]
B (2278)°
(3)(2)(4)
= 402.17
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Example 5.6

m TABLE 5.22
Analysis of Variance for Example 5.6

Sum of Degrees of Mean

Source of Variation Squares Freedom Square F, P-Value
Ground clutter (G) 335.58 2 167.79 15.13 0.0003
Filter type (F) 1066.67 1 1066.67 96.19 <<0.0001
GF 71.08 2 38.54 3.48 0.0573
Blocks 402.17 3 134.06

Error 166.33 15 11.09

Total 2047.83 23

T



Example 5.6

Both ground clutter level and filter type are significant at the 1 percent
level, whereas their interaction is significant only at the 10 percent level.

Thus, we conclude that both ground clutter level and the type of scope
filter used affect the operator's ability to detect the target, and there is
some evidence of mild interaction between these factors.
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Subsection 13

Exercise
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Exercise

The following output was obtained from a computer program that
performed a two-factor ANOVA on a factorial experiment.

Two-way ANOVA: y versus A, B

Source DF SS

A 1

B o 180.378
Interaction 3 8.479
Error 8 158.797
Total 15 347.653

Ms
0.0002

0.932

p-values.

eec o

Md Rasel Biswas Chapter 5

How many levels were used for factor B?
How many replicates of the experiment were performed?
What conclusions would you draw about this experiment?

Fill in the blanks in the ANOVA table. You can use bounds on the
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Exercise

Practice exercises from Montgomery book:

5.41, 5.42, 5.43, 5.44, 5.45, 5.46
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